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The supersonic flow over a body consisting of a triangular oscillating plate —
the vibrator — mounted between two flat plates is investigated, The body is
assumed to be thermally insulated, and the vibrator dimensions and the oscil-
lation frequencies to be such that the flow can be defined by equations of a
boundary layer with self-induced pressure [1 — 5]. The oscillation amplitude
is assumed small so that these equations can be linearized, The Fourier trans-~
form of the longitudinal coordinate is used for solution derivation, The inverse
Fourier transform is obtained by numerical methods, It is shown that the pert-
urbations of flow parameters induced by the vibrator are damped upstream and
downstream in accordance with an exponential law,

i, Statement of the problem, We consider the flow over a
thermally insulated body consisting of a flat plate at rest changing into an oscillating
triangular part —the vibrator — and ending with an immovable flat plate (Fig. 1), The
length of the front part is L* and that of the rear part O (L*) (the asterisk denotes
dimensional quantities), The vibrator dimensions are assumed small and will be de-
fined below, The unperturbed oncoming supersonic stream at Mach number I«
exceeding unity by a finite quantity flows over
the stationary parts of the plate at velocity U.
Gas parameters of the unperturbed steady stream
~Z- and at the wall are denoted by superscripts o©
and w, respectively. Weuse the Cartesian
system of coordinates z, ¥ with origin at the
point of junction of the forward immobile part
with the oscillating part, The following notation is used: * for time, v,* and v,*
for the velocity vector components, p* for density, p™ for pressure, 7'* for temp-
erature, and % for the specific heat ratio. For simplicity we assume the dependence
of the first viscosity coefficient on temperature to be linear, i.e. A */Ao* == c1’,
whete T’ = T* / Too¥*, and the Prandtl number to be unity, As the inverse of the
Reynolds number we use the small parameter & = Re,~/+ (Re; = po*Ux*L*/
Mye™)-

Let us select the longitudinal dimension of the oscillating part O (&%), the oscil-
lation amplitude U (&%) and frequency O (¢7%). For defining the motion it is
convenient to separate three distinct regions [1, 2] : the upper region of the supersonic
inviscid flow (y; = O (%)), the intermediate region of the conventional boundary
layer, (y; = O (&%) , and the lower region of the boundary layer with self~induced

u
)
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pressure (y; = O (€%). The main difficulties of such scheme are related to the
construction of solution for the inner region, a solution that makes it possible to obtain
the flow parameters in the intermediate and outer regions in explicit form [1 — 5],
Below, we deal only with the inner region, where we introduce the following dimen-
sionless dependent and independent variables [4,5];

t* == L¥ Ui‘:lgg CA=t: (Mot — 1)~ Tt w1
z* = L*e3CYA I (M2 — 1) T;:i'x

y* = L*eSC'd 1 (M * ~1)“/°T;I’y

U = Ug¥ eCi\l (M2 __1)4,,7,;/, w

vy* = U ¥ e3C* s ( M2 —1)e T;:[” v

p* = p* + pm*U’fszC‘/«xla (M®2 —1)-h p

p¥ = p*T,p

The constant A = 0.3321 in formulas (1. 1) is defined by the equality L*
Re,~:0 (v*/Ux) / dy* = AMC="» Ty, in conformity with the Blasious solution for
the unperturbed boundary layer, Substituting the expressions (1, 1) into the system of
Navier — Stokes equations, retaining principal terms containing ¢, and stipulating
the fulfilment of conditions of merging with the conventional boundary layer, as 2 =~»
— o0 and y=-» oo, forthe unsteady boundary layer with self-induced pressure
{4,5] we obtain

. du o p (1.2)
p=1, —a?”f‘"@'“—{), =

du du du op o%u
Tt Tl T T Ty

Z=>—o0, u=—>y, p—0

x
Y00, U—>Y— S pdz

Wwe specify the adhesion conditions at the wall as

U = Uy, U == Uy (103)
and the oscillating part of the wall by the equation
Yy = 0f; (z) cos vt, o<1 {(1.4)

where ®© is the dimensionless frequency and function f,(x) (Fig.1) defines the
triangular form with parameters @ and b

0 , =<0
2 , 0<x<b

h@ =) @—2/@—b b<z<a -2
0 , T >a

The smallness of parameter o enables us to linearize the problem by expanding
the unknown functions in series in powers of o©
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u=y+ou +..., v=0ov,+ ..., p=0p + ...

whose substitution into (1, 2) yields

Oul 6v1 _ apl —

2% t5-=0 2y 0 (1.6)
31,41 8u1 6p1
- T Y + vy = - + = ayg

.r->~—-oo, ul.—>0, pl-—>0

Y00, U —> — S prdz

Such linearization is valid everywhere where u; = O (1), except in region
y — 0, i.e, at the wall where the adhesion conditions (1.3) hold. To obtain

conditions for functions #; and v; we introduce a supplementary subregion with the
characteristic variable y, = y/ 0 in which we seek a solution of the form

=ou;+...,. v=0V;+..., P=0p;r-+t ... (1.7
Conditions (1. 3) at the wall for the newly introduced functions are now of the form

u (¢, z, f; cos wt) = 0, v; (¢, z, f; cos ©f) = — of;sin ot (1.8)

For Y, -> oo the valid conditions of merging with functions w, and v; at
y—0 are
ouft, r, y)—>y + ou (¢, z, 0) + . .. (L9
Uy (f., Z, yl)"> Uy (t! Z, 0) to.

Substituting functions (1, 7) into the system of Egs. (1.2) we obtain
ov, / 8y, = 0, 62u1 / 0}/21 =
The solution of this very simple system which satisfies conditions (1, 8) is of the
form
u; =y (¢, zy —F (¢, x) fi(z) cos ot
Py = — (Dfl(Z) sin !
where F (t, x) is an arbitrary function, From (1,9) we find that F (¢, z) = 1
and, also, obtain the conditions for functions u; and v, at y =0

u,(t, z, 0) = — f(x) cos wi (1,10
vy (¢ x, 0) = —of; (z) sin ot

Problem (1. 6), (1,10) was studied in [6], where the unknown functions &, , Vi,
and p; were expanded in Fourier integral in variables £ and 2z, but the sought
functions were not calculated. The aim of this investigation is to carry out these
calculations and, also, to analyze the asymptotic properties of solutions of problem

(L.6), (1.10).

2, Calculation of pressure, Asin[6], we shallstudy pressure
using equations of the form
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P = %coswt S (Dldo)g-—%sinmt S DOydw, (2.1)

—c0 —0o0

@, = Re (D), Oy = Im (Dy), Oy = Dy — Dy
Do = ilz [1 — aib exp (— iwgb) + ai 7 exp (— imga)]exp(iwzz)
Dy = Dy + Dyp -+ Py3, Oy = (1w,)'"sG exp (iw,7)
Dyp = — 5 (102)'*G exp [iwg (z — b)]
Oy = — i 7 (i02)'G exp [iwy (z — a))
Q, = ithoa,™h
= (ly — I; (R) [AL" () + (f0y)s (o — I, Q)17

AP (@) = 2ALEG) A‘gfl)

oo eb®

= S Ai(z)dz, I,(Q) = SAI (2)dz
P = (:rt/2 + arg w,) / 3

I

=]

where the symbols Re and Im denote the real and imaginary parts of the complex
Airy function Ai (z) which can be specified by the everywhere convergent series

. 1 - 2K R 2K
A= [V 2 N
M [k; KT (k2 3P kZ'o KT (i +4/3)] &2

which is the generally accepted definition of the Airy function [7, 8]:the definition used
in [5, 9] differs from (2. 2) by a constant factor. Since forrmulas (2. 1) defining pressure
Pp1 contain the ratio of Airy functions, they are independent of that factor,
In conformity with (2, 1) the calculation of pressure p, reduces to the calculation
of the integral

GSO Dodo, = j Do dwy — j Dy dw, (2.3)

where the first integral in the right-hand side is explicitly determined by

0

S Do dioy = [sign (z) —

-0

7 sign (x — b) + — 5 sign (a:—a)] (2.4)

The second integral in the right-hand side of (2, 3) is equal to the sum of three in-
tegrals of functions ®@;;, @1, and @,;. Since the integrands @, and D,; dif-
fer from @,; only by constant factors and by values of parameters in the exponent
index, their respective integrals are calculated similarly to the integral of @;;.

Let us calculate the integral of (Du From (2. 1) we have

% (i)' (1o — 11 ()
o, 2) = S(D“d"’* _Sm AV (@) + (i0a)" (To— I, (@)

dmh (2.9)

i = ein/2
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Let us analyze the integrand in (2.5) in the complex plane of the variable w,.
To separate the single-valued branch we have to make a slit in it. Using the Airy fun-
ction property
JAi(2) ] >0, |z|—o0, —n/3<argz<<n/3

we make the slit from point 0 along the imaginary axis, i.e. /2> arg 0, >
~3n/2, then

S 32T (3y) T (4s) (2.6)
0
Let us determine the roots of the integrand denominator, which are poles of the
latter; the equation which determines them is conveniently written in terms of the only
variable Q,
Fy(o, Q) = QAU (Q) — @ (Io — 1)) (@) = 0 (2.7)
—n/6 < arg Q; < Tnl6

The constraints imposed on arg Q; are related to those imposed on  arg w,.
Having fixed ©, we plot in the complex plane ; two sets of level curves: Re (P,
{0, Q)) =0 and Im (P {0, Q) = 0; the intersection points of curves of the
different sets determine the roots of Eq. (2.7), A characteristic pattern of level curves

Fig.2 Fig.3

(o = 1) is shown in Fig. 2, where the solid curves represent lines Re (P,) = 0, the
dash curves the lines Im (#,) = 0, and the part of the complex plane £, where
the constraint (2,7) on arg €, are not satisfied is shown shaded, The roots of Eq.
(2.7) are indicated by symbols Q;*%, Q4% 1% ...

On the negative part of the real axis we have a denumerable set of roots tending to
infinity, In the first quadrant we have one root  Q,*, and in the fourth quadrant
also the single root ©,** which must be rejected, since it lies in the "prohibited”
part of the plane of variable £,, Howeverroot £;%* may be used for the conven-
ience of calculations, since it has to be taken into account when passing on the second
sheet of a complete Riemann surface of variable w,, as will be done in Sect, 3. But
no physical meaning can be assigned to the root Q,**, since @,** with arg
w,** >> /2 correspond to it, and for such ®; equality (2, 6) does not hold, On
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the contrary, roots Qy*, Q,*, ... can be readily interpreted, For this we return
to the plane ©, represented in Fig,3, The roots Q,,* and Qpu*, Q::*:..- tum into
@9* which lies in the fourth quadrant and into ©5®, ©2*, . - ., which lie on the
segment issuing from the coordinate origin at angle —5n/4. For considerable o
the first roots Q;*, @,*%, . . . lie not on the negative axis itself but in its neighbor-
hood, However, as © — oo , the relations arg Q,* — =5 and arg Q,* —
®, ... are valid, The result of this is that part of roots @n*, ©* ... have argu-
ments are not equal —5n/4, but close to that figure,

The equation (2, 7) expressed in other variables had already appeared in literature
{3;5]. It occurs in the form of a dispersion relation in investigation of a specialkind
of perturbations that propagate up— and downstream of the flow. The roots of that
equation correspond to some characteristic solutions of (1,6), Thus  y,* generates
a solution that defines the damping of perturbations upstream (z < 0) , and when

o == 0 it becomes the solution obtained in [10], The characteristic functions gen-
erated by wy*, @*, ... can be interpreted as perturbations that propagate down-
stream {6].

As noted in [6], it is convenient, when calculating integral (2, 5), to separate in
the plane @, two contours, For = <C 0 we select the integration path C, (Fig. 3)
in the lower half-plane consisting of the segment of real axis from r to —r bypass-
ing point O and of the arc of circle of radius r, For z >0 weselect C, as
the integration path which basically lies in the upper half-plane and consists of a
segment of the real axis from — r'to 1 bypassing point O and of the arcs of circles
of radius r, and the two edges of the slit along the imaginary axis, bypassing point

O. Applying the Cauchy theorem on residues to the integral along the contour Cy
and making the radius of the large semicircle 7 approach infinity, and that ofsmall
semicircle to approach zero, in the case of z <C 0 we obtain

S (Dn d(!)g = — 2nires (Dll ((!)20*) =B ((D, (020*) exp (i(ﬂgo*x) (2' 8)
Ty — I {(£10%)
20 (Io — I (Quo¥) + Quo* (i — 0/ 0a*) Al (Qe)

= — 3ni

The theorem on residues can be also applied to contour (', with the only differ-
ence that the circle enveloping point O is to be contracted not continuously but
discretely, drawing it each time between the adjacent poles @g* and g i
The series in residues Tes @y (®ax) is rapidly convergent, since [res @, (wg)]

= O (k) when k- oco. As the result in the case of z > () we have

S @,y doy = 27ti D) res Dy (0g%) + Is (@, 2) + T4 (0, 7) (2.9)

k:‘.zl

where I, and I, are integrals of (D,; taken along the edges of the slit, Each
term in the right-hand side of (2, 9) may be considered as a running wave of varying
amplitude, as was done in [11],

Formula (2,8) is quite convenient for use on a computer, which cannot be said
about formula (2.9). It presents particular difficulties in the computation of integrals
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I; and [, Wwe shall choose a method of computation that is not based on form-
ula (2,9)., Weuse the C; contour also for z > 0 , denoting its part consisting of
the semicircle of radius r by C,., and apply the theorem on residues (with decreas-
ing radius the integral along the small semicircle of contour C; approaches zero in-
dependently of the sign of )

r

S (Dn d(l)g = LS (Dll d(Dz — 27ti res (:Du ((020*) (2.10)

For r>>1 in the computation of the integral along the C,, contour the quant-
ity )= o/rh<£ 1. Forsuch values of £2; we replace the Airy function
by series (2, 2), and write the fraction in the integrand of (2. 5) in the form (see (2, 1))

G (0, &) = Q,? ( éoclkglk) (kijoczkglk)-l (2.11)

where the coefficients ¢1x and ¢y are determined using the series expansion of
the integral and the derivative of the Airy function, which are obtained by term-by-

term integration and differentiation of series (2,2), Coefficients Cex depend on ©®-
We divide the series in the right-hand side of (2, 11) and obtain

G, Q) =% (ceo - CgaQr+ ...+ 2F+..) (2.12

Note that in this formula cgo = —1/ ©® and ¢g1 = 0. We substitute expan-
sion (2, 12) into integral (2, 10) and pass to the variable ®g (we recall that as shown
in(2.5) i =€)

iw i1+k/30)2+k
Sq)lld(ﬂz: S (——ng0+ +-——('0—1m73—6g,k+..- X (2.13)
Cc C. 2
1r ir
exp (i0.x) dog

Integration of each term of series (2, 13) can be carried out analytically, to dothis
it is convenient to separate three groups of terms two of which depend on the I'-func-
tion, Passing to limit with 71— 00 we obtain

Ic(w, z) = lim S 0, do, = — 2n0? Z (iw)%* x’k—(—‘;'-k% — (2.14)

1r k=0

o0

VIT (LY otz § (i) AL
z]/3F(3)m:c 2("0) z 2/3-5/3...(2k+’/s)+

k——l

4475 3k .2k g, sk+2
V3T () ate Z‘“"’) A v T

The lower boundary of the index k of the second sum in (2, 14) is unity, since as
noted above cgy = 0 this equality ensures the vanishing of the derivative dlc/
dr when 2z = (. This method of computation of the integral I¢ (®, x) is con-
venient when ® > 1. For ® < 1 formula (2, 11) must be expanded in series
using the variable £, = , / ®. This evidently results in the change of coeffici-
ents cgy (of course, as previously, cgy = 0). A series similar to (2. 14) may
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in turn be obtained from (2, 14) be setting in it ® = 1. The selection of expansion
in the variable £, or Q, is affected by that coefficients ¢gx have to be comput-
ed prior to their substitution to series (2,14), Hence for a specified ® it is desirable
to use a modification of the expansion such that would ensure a not too rapid increase

of coefficients c¢gx with increasing number k. Using (2.8) and (2. 14) from form-
ula (2,10) we obtain
w0

S Dy dw; = B (0, @0*) exp (i0s*z) + I¢ (@, 7) (2.15)

-0

We extend the notation J¢ (w, Z) introduced in (2. 14) to the new independent
variables, and shall use the symbol I (®, £ — Zy) to define series (2. 14) in which
T — Zo has been substituted for x . This makes it possible to write

D3 dwy = — —— [B (0, 030*) €xp (i020* (z — b)) + Ic (0,2 — b)} (2.16)

Dy3dw, = = _b_ 3 [B (@, 0%} exp (ig (z — a)) + I ¢ (@,  — a)]

Finally, substituting (2.4), (2.15), and (2, 16) into formula (2, 3), for the integral
of @y which according to (2, 1) defines pressure we obtain

o«

S Dyday = B (0, 0%) [1 - = i 5 XD (— Lagg*b) -+ (2.17)

—O0

2 exp(— imzo*a)] exp (it20*2) + 8 (2) [27 — I (@, 2)] —

50z —b)2rn —Io(o, z—b)] +
b

—0(z —a)[2n — Ic (0, 2 —a)]
1, 0
0(x)={ 0, Zo

The use of formula (2,17) on a computer does not present any difficulties, and
the computation time which is mainly consumed by the calculation of the segment
of series (2, 14) with the superscript imit k << 15.

The dependence of pressure p; on z for a triangle of dimensions b =14 and

a = 2 oscillating with frequency o = 1 for instants of time ¢=0,T/8,T /4,
37 /8, where T = 2n/e , isshown in Fig,4 by curves I—IV , respectively,
The derivative of pressure with respect to z at points # = 0 b, and a is continuous

but, as implied by the expansion (2, 14), the second derive %p /922 has at these
points a discontinuity of the second kind, that is related to the discontinuity of deriva~
tive dyy / dz.

The graphs of dependence of pressure amplitude of z are shown in Fig. 5

1 1
A(p) = = [(Re (Og))* + (Im (D)2
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fora triangle, with same dimensions as for Fig, 4,0scillating with frequencies o = 0
(stationary triangle); 1; 3, If flow over stationary triangle has the point z, in which
A (p;) =0, then there will not be such point for flow over oscillating triangle,

3, Asymptotics of pressure when x—> oo and ® - .
The behavior of pressure as & — — oo is obtained from the analysis of formula(2, 17).
Since Im wg* <C 0, the pressure tends to zero in conformity with the exponential
law exp (— Im (wg*)z). When Iz — oo formula (2, 9) makes it possible to
assert that [, (@, ) > 0 since the integrands of integrals I3 (®, ) and I4(w,

x) are exponentially decreasing functions, and the series consists of terms each of which
decreases according to an exponential law, The determination of the asymptotics of
integrals I, and I, does not present any difficulties, but the determination of
asymptotics of series (2, 9) is fraught with difficuities. Note also thatas 2 - oo,
formula (2, 15) cannot be used for computations, since it results in the remainder of

%
144
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two quantities both approaching infinity.

The analysis of integral (2,5) when = - oo is again carried out in the complex
plane  w,. As the integration path we select contour Cj consisting of a segment
of the real axis bypassing point O, twoarcs Cjy, and Cgy , and two segments

C3 and Cg, bypassing point Q. Let the angle of inclination o of segment Cy,
to the real axis be less than : / 4 (see

Fig. 6). Making the radii of arcs Cgpy
oy and Cg,, approach infinity and the
W1 radius of the bypass of point O tend to
= zero, for x>0 we obtain

_‘:g;mndmz:_m {) ®rdos

Cn Ca:
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The integrals Cg3; and (4, with the respective substifution of variables assume
the form

J Oudor = —§ o= L @u) expliag cosa —
a1 0

zgsing -+ i(n/6 + 4a/3)] [AL" (Qu) +
i swal9g'h (I, — I, (Qu))| ™ ¢'dg

Cypt 0y = e~itH)g Q) = Q, = lT/6420/3) yg-*/s (3.2)
S Dy dw,y = S (To — I1 (Qu)) exp [_ ixqcosa — rgsina —
Cas 0

(T 4 st i
(2 ) ] AY Qo)+ erteiaimgn (7, — I, (u)ig'h dg

We investigate integral (3, 1) in the upper half-plane formed by the first andsecond
sheet of the complete Riemann surface, We have now for argw, the constraint
> arg @, > 0. In the second quadrant we have the first order pole  @,**
which corresponds to the root of the variance relation Q,** (see Fig.2) and, as
shown by the analysis of function ®;** (w), the inequality arg w,** > 3n/4
is correct, If the ray issuing from the coordinate origin at angle f is taken as the
integration path in (3, 1), the integral (3,1) is independent of angle f§ when
0 < B << arg @p** (3.9)
Taking into account (3, 3) and setting f = n — &, we obtain for a theinequal-
ity

no—arg o** <a<n/4 (3. 4)

The set of ¢ that satisfies inequality (3.4) is nonempty, since, as indicated prev-
iously, arg wy** > 3m/4.  Note that if a is chosen not from the range (3. 4) but
from the widerrange 0 <<a<m/4, the final result remainsunchanged, although
it is then necessary to take into account the residue res @y, (0g**).

Setting B = m — & and camying out integration with respect to  Cgy', we
rewrite integral (3. 1) in the form

Cay't 0= €D g, Q) = Q3 = e W22/ g~/ (3.5)

S Dy do, = (,S Dy dog = — §9XP [@1 (z, g, 0) 4
Un ' 0

(5 =) | o= 1 (@u) AT (@) +

e-iaisgth (Iy— I, (Ru))] 7 g1 dg
Qi(z, ¢, o) = — izg cos & — Zgsin G
Combining integrals (3, 2) and (3.5) we obtain

-3

S (Dn_ dmz T e ie“i(@lrs S e@!(xs q, &) (3. 6)
— M
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[AI" (Qua) (To — I, Qo)) + €73 A’ (Qus) (To — I1 ()} [AT (Qu) +
e4al3gh (Jy — I Q)] AL (Qu) +-
e-ienisvalngs (Ig— I, (Q)]™ ¢/ dg

According to [8] the Airy function satisfies the relation
Ai (z) + o8 A (e—zm'la z) + e~ i3 Af (g-&ftia’sz) ={

Differentiation and integration in (3, 7) yields the coroliaries

(3.7

At (2) + e-2i]3 A’ (e—mi/sz) L eami/3 A (,rzm/sz) = 0 (3.8)
2e—2T4 /3 2e— 41 /8

fAi@dn+ § Ai@dn+ § Ai@)dn=0

We apply relations (3. 8) to the expression in brackets of the numerator of fraction
(3.6) and obtain

o0

S (I)n dos = — je-ia/3 S en(®, 9, A, ((,), q, a) q‘/s dq {3.9)
— ]
Gy (o, q, 0) = [3ei/3]4 Al (e-#%/3Qy,) — ei/3 AL (e~478/30y5) X

(Lo — I1 (e2413Q5)) + e=/3 AT (e=24/3Q,)(Ty — I (e 13Q45))] X

[AL" (Qus) + e4/3g*ls (Tg— Iy (Q9))] 7 [AL (R12) +

e—i(?ﬂ /344 /8) q‘/: (IO - Il (912))]“1 q‘/s dq

Formula (3, 9) is basic for the investigation of the asymptotic behavior of pressure
x ~» oo. Note that the integral in the right-hand side of (3, 9) is presented in a
form convenient for calculating the asymptotics by the saddie~point method, We
divide the integration interval from 0 to oo in two subintervals; from 0 to g,
where g; <€ 1, andfrom &; to oo. It can be shown that the integral over the
second interval is of the order of exp (—¢&;z sin @) when z— oo . Letus
consider the integral from ( to &; in which the inequalities  [Qq] = [23] >
w/es >>1 arevalid for Q,, and ;3 . Using the asymptotic expansion of
the Airy function in the neighborhood of an infinitely distant point [8]

as

o

Ai (8) ~ —%—-z—m exp <._ —;—z‘/‘) Z axz-%/ (3.10)
P

2l — 00, Jargsz|<<m

where ay are real coefficients dependent on the ordinal number k [8], Using form-

ula (3, 10) we obtain for the derivative and the integral of Airy's function the asympt-
otic expansion

Ai’ (z) ~ — —%—-z‘fc exp (—— --23~ z'/z) Zbkz‘am (3.11)
k=
2 o0 i ° 2 o0
S Ai (z,) dzy, ~ S Ai(z)dx — - z-*exp (— —-3—z'/=) 2 c 23K/
0

0 k=0
2} > oo, jargzl<<m
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where the real constants by and ¢, depend on the ordinal number k, and gy =
bp = co = 1. Let us substitute for the derivatives and integrals of the Airy functions
their asymptotics determined by (3.11), This can always be done for @ that satisfies
condition (3.4), since the absolute values of arguments of expressions e~44/3s Q
e 33 Q. Ly, and €3 are smaller than 1, As in Sect, 2 (the passage from
(2.11) to (2,12), we carry out the division of polynomials and obtain
o
Gy (@, g, @) ~ 6T, /3Q5 exp (—% Q;/g) 2 Ca, § Q12 (3.13)
k=0

We substifute expansion {3, 12) inte the right-hand side of (3, 9) where integration
is carried out from 0 to g;, and investigate the term & of that expansion

Iy (0, 2, @) =6ilocy, rolv34/2 exp [in (/s — 5k / 4) — (3.13)
i (g + k)] Iy

&
Iy (0, 7, 0) = Sexp [z (@, z, g, 0)] ¢/#*¥dg
0

Qs = —agsina —%/3 g cos (n/4& +a) —i [zgcos o .+
*/3 &g sin (n /4 + )]
We carry out in the integral Jy; the substitution of variables ¢ = ¢, Vx, which
brings the upper limit of integration to &, J &. It can be shown that the change of

the upper limit of integration to oo introduces an error of the order of exp (— &,z
sin a). We have

Iy = a=Cleth) /2 S exp [— V7 93 (0, g1, 0)] ¢ das (3.14)
(1}

Pz = sina | 2/3 (,)'/:ql"'l cOS (ﬂ; ! 4 o} a) +
ilgycos a - 25 @'rg ™t sin (n/ 4 o+ @)l

To evaluate function [i; when z - oo we can use the saddle-point method,
This is, however, unnecessary here, since for this type of functions @3 (®, ¢, @)
the integral in the right-hand side of (3. 14) has been thoroughly analyzed. We have
(see [12])

Ikl = g-(/Ak} /2 2 [2/3(0’}'3 e‘i(—ﬂ]4+2a)]’/4+k]',2Kk+‘/‘(2’!|3—lfzm'fiesﬂi!83:"8) (3, 18)
—_— k41

—V e (e 1+ ml 3.16
Kivss,(a) = 3z ¢ 12 ml (k + 1 —m)! (22)" -39

m=0
In turn, substituting (3. 15) into (3. 13) and (3. 13) into (3. 9), when z-» o0 we
obtain the asymptotics of integral (3. 9)

S ©yy doy ~ Iss (@, 7) = 121 (_é_)‘/. T @' =g 116 3¢ (.17

Z Car i (i) K12 g tmik/agy-sk 87K K y o), (22137 g3 [ 521)1)

3
k=0
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Using the equality ¢z, o =1 and calculating K, by formula (3. 16) for
the principal term of asymptotics (3, 17) we obtain

S Dy dwy ~2i Y 6 I e~milag™1exp (— 2%:3 "/ a3t [82'15) (3.18)

As expected, asymptotics (3. 17) is independent of angle «. We extend the nota-
tion [as (©, ) to the new variables, and shall use the symbol [ (®, T — Zo)
to denote series (3, 17) in which & — Zo has been substituted for x. This makes
it possible when I —- 00 to write the asymptotics of the integral of @y as

oo

{ @odos~ — [Tua(0, 2) = 2 Tas@, 2 = B) + (3.19)

a—2b

ai-b I {0, x—a);[

Formulas (2, 17) and (3. 19) complement each other; the first is a convergent ex-
pansion in variable Z of the integral of @g at zero .(z > 0), while the second
is a divergent asymptotic expansion at infinity. In spite of the divergence of series
(3,19) it is convenient for computations on a computer with a reduced number of terms
in the series,

Pressure perturbations induced by the oscillating triangle tend to dampen as T —-

— oo according to the exponential law (2, 8) with the exponent proportional to  Z,
as - co the damping may also occur in conformity with the exponential law
{3.18), However, in that case the exponent is proportional to — ]/5 (presence
in the coefficient of the exponent of power X is not taken into account),

Let us compare these results with the asymptotics of pressure perturbation induced
by the triangle atrest, ® =0 As £ — — oo, the damping is defined, as
previously, by formula (2.8), but at a slower rate, since Im @* (@ = 0) >
Im wy* (@ = 0). It can be shown that, as & —- oo the properties of asymptotics
of py change; pressure obeys the power law  p; ~ . Hence, pressure pertur-
bations induced by the oscillating triangle dampen more rapidly as z-» - oo ,
than a perturbation induced by a triangle at rest, This is particularly prominent down-
stream [of the triangle], as z — oo, where the nature of damping for @ =0
is =xponential, and for @ = 0 of the power type.

In the investigation of perturbationasymptoticsof pressure  p; as ®-»o0 we
use integral (2, 5) which for z <{ 0 is obtained in explicit form as shown in (2, 8).
Using asymptotics (3, 11) we write the solution of the dispersed equation (2.7) in the
form of series [3]

m;ko — g—Tilbyle L. 1120—3ni/4m—1/z e (3. 20)

We determine the quantity B (@, ©*%,,) as o — oo and z <0 using (3,20)
and (3, 11), and obtain the principal term of expansion (2,5)

T 3.21
5 ®ydwg ~ — 7 exp (' 2ze™/4) ( )

—00

The method of constructing the asymptotics of integral (2.5) when © — oo and
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z > 0 is the same as used for deriving the asymptotics of this integral when z — oo,
except for the selection of angle «. When o — oo for the root of (2. 7) on the sec-
ond sheet of the Riemann surface we have

. 1 o
oy = 3Gz 5 el =t (8.22)

which implies that at the limit, as ® — oo , the inequality (3. 4) cannot be satisfied,
since arg ©,** — 3n /4, This implies that o is to be selected from the range
0 a<n— arg w,**
As the result, we write the basic formula for estimate of integral (2. 5) as
o0 o0
‘Y (Dlld(l)z = — ie—.imis \S‘ B(p‘Gl ((l), q, 0'.) ql/‘dq -+ 2mi res (Dll ((0;:*) (3' 23)
—0 0
Q= — izgcoSa —z¢ 8inag

Although the method of evaluation of the integral in the right~hand side of (3, 23)
when ® — oo somewhat differs from that used for evaluating integral (3.9) when
xz - co, the resultisthe same in both cases; the integral approaches zero propor-
tionally as  exp (—2%/237"2¢'/+ (S7/32'/yy  But the second term in the right-handside
of (3,23) approaches zero as  exp (—w'/%*¥*z ), Hence by retaining in the right-
hand side of (3, 23) only the second principal term we have

S Opdos~ — nexp (— o 1e™i), o —o0,z >0 (3.24)

—_—0

The expansion of integrals of ®;, and @, as o -» oo are analogous,
Let us consider once again the integral of @, and, in accordance with (2. 1),
represent it in the form

oo o & o0 oo
S Pody = X Dypdey — S Dyydog — S‘ Dpdo; — j Dyadwe (3.25)
——0 -0 O —C0 —00
The first integral in the right-hand side of (3, 25) whose explicit form appears in
{2.4) is independent of ®; as @~ co the second integral is, according to (3, 21)
and (3, 24), nonzero only in a small neighborhood of point 2 == 0, and, similarly,
the third and fourth integrals are nonzero in the neighborhoods of points z = & and
z == a , respectively, Hence, when o — oo, the basic part is played by the dis-
continuous integral (2,4). The integrals of functions ®y;, ®yp. and @y, make
possible only the continuous joining of discontinuities in (2.4) at points = = 0, z =

b, x = a.] Since the imaginary part of integral (3.25) is zero as @ - oo, pressure
¥4

7 Py is also determined by formula (2,4). The dependence
= of piy [on z Jwith © — oo isshown in Fig,7 for instants
" e oftime ¢=0, T/8, T/4 37/8, whereT =21/ o,
by curves I —1IV , respectively.
! 2z, Let us show that the derived dependence of pressure on

z and ¢t as @ -» oo is exactly the same as in inviscid
supersonic stream at slow wall oscillations (1.4). For this
-7 -=4r we rewrite relation (1,4) in dimensional form
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yu* = e2CM (M 2 — 1) 6}y, (%) cos o (3. 26)

using (1.1) and retaining ¢ as the dimensionless time, In this equation function
J10 (*) defines the triangular form (1,5) with parameters ¢* and b* related to
a and b in the same way as z* to z from formula (1.1).

Let us determine the pressure induced by wall oscillations (3, 26) in the region of
characteristic dimensions z* = O (e3), y* == 0 (%) at characteristic time ¢* =
O (%) in an inviscid supersonic stream, We have

P*= Py PR vRetC A (M2, — 1y Hes X

X

. a* . b*
[sxgn ¥ — % % sign (z* —b*) + v e sign(z* — a"‘)] cos wt’

Such coincidence is due to that when w — oo, the dependence on time must
aliow for the basic boundary layer thickness (y ~ €%). This problem can also be
solved by using the fundamental concept of Prandtl according to which pressure is to
be determined by solving the external inviscid problem,

The author thanks O, S. Ryzhov and v. L Zhuk for useful discussions,
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